We investigate the quantum dynamics of a harmonically trapped particle (e.g. an ion) that is immersed in a Bose-Einstein condensate. The ultracold environment acts as a refrigerator, and thus, the influence on the motion of the ion is dissipative. We study the fully coupled quantum dynamics of particle and Bose gas in a linearized regime, treating the quasi-particle excitations of the gas as a (non-Markovian) environment for the particle dynamics. The density operator of the latter follows a known non-Markovian master equation with a highly non-trivial bath correlation function that we determine and study in detail. The corresponding damping rate and frequency shift of the particle oscillations can be read off. We are able to identify a Quantum Landau criterion for harmonically trapped particles in a superfluid environment: for frequencies ω well below the chemical potential, the damping rate is strongly suppressed by a power law ω 4 . This criterion can be seen as emerging from the classical Landau criterion involving a critical velocity combined with Heisenberg's uncertainty principle for the localized wave packet of the quantum particle. Furthermore, due to the finite size of the Bose gas, after some time we observe memory effects and thus non-Markovian dynamics of the quantum oscillator. [9, 10] . Furthermore, such experiments offer a playground for studying the quantum dynamics of a single particle coupled to a superfluid environment.
Introduction-Experiments immersing single ions or particles into Bose-Einstein condensates (BEC) is a very active and ambitious field in the physics of cold gases. The first experiments with ions [1] [2] [3] [4] [5] [6] [7] , or neutral atoms [8] already offered a great opportunity to study properties of ultracold gases as well as of ions and their interaction. Moreover, new techniques and experimental setups provide a wider scope in studying hybrid systems [9, 10] . Furthermore, such experiments offer a playground for studying the quantum dynamics of a single particle coupled to a superfluid environment.
Theoretically, the ground state properties of the composed system already have been studied [11] [12] [13] [14] [15] . For the dynamical interaction between the two components different approaches have been used, ranging from collisions between ion and condensate particles [16] [17] [18] [19] [20] over three-body processes to master equation approaches [21, 22] , or the MCTDHB method [23, 24] . Considering the BEC as an environment has also been proven useful in different contexts such as lattice setups [25, 26] or in polaron-type approaches [27] [28] [29] .
The standard approach to the quantum dynamics of a single particle and its many-degree of freedom environment is to derive a master equation for the open system. The properties of the bath and its interaction with the open system lead to damping terms and frequency shifts (e.g. the lamb shift) often involving a Golden-rule damping rate in the weak coupling and Markovian limit. This damping rate (and the frequency shift) can be determined from the underlying bath correlation function. Thus, once the latter is determined, the quantum dynamics of the single particle can be determined from a master equation.
We start from the underlying full Hamiltonian of particle and Bose gas and assume the latter to be so cold (T = 0) that a condensate wave function Ψ 0 ( r) can be identified. In the usual way we then linearize and study the fully quantum particle+BEC dynamics. Crucially, the zero temperature bath correlation function α (t − s) = ∞ 0 dωJ(ω)e −iω(t−s) with its spectral density J (ω) has to be determined (see also [25] ). In spectral representation, this amounts to determining the quasi-particle Bogoliubov spectrum and corresponding wave functions from the corresponding Bogoliubov-de Gennes equation, a formidable task. Here, however, we present a simple direct route to determine α(t − s) in the time domain using the Gross-Pitaevskii equation (GPE) [30] . We stress that this does not imply any mean-field approximation but exploits the equivalence of quantum and classical dynamics for linear systems. The numerically determined bath correlation function thus obtained shows that the dynamics can be divided in an initial dissipative oscillation at a shifted frequency. At a later time, however due to the finite size of the trapped BEC a small fraction of the energy may return to the oscillator, which was also observed in the T-matrix approximation [31] . Hence the effect of the environment on the particle dynamics is three-fold: frequency shift, damped dynamics and a possible reheating, that shall be discussed in the last section.
Full Model and Linearisation-For describing a single quantum particle in a BEC we start with the following Hamilton operator:
Here, the ion (the quantum particle) is described by a position R and corresponding momentumˆ P operator. It is trapped in a harmonic potential with bare trapping frequency Ω 0 . The Bose gas is described by the bosonic field operatorsΨ ( r) and Ψ † ( r). The first integral is the interaction energy between ion and Bose gas. For actual calculations shown later, we use a cut-off polarization potential V r, R = is the interaction strength between the Bose particles with a s the s-wave scattering length. Obviously, for matters of simplicity, we assume the two traps (of the particle and of the gas) have their minimum at the same position R 0 = r 0 = 0. For all that follows we assume that the ion has already been cooled down close to its ground state and its motion is restricted to small oscillations around its equilibrium position. Thus, energy loss from the ion does not result in an atom loss out of the BEC. This assumption is being further incorporated by performing a Taylor expansion around the equilibrium position R 0 = 0. Moreover, we assume a well-occupied condensate wave function (T = 0) such that the usual symmetry breaking ansatz for the field operatorΨ = Ψ 0 +δ Ψ is well justified. As usual, we will truncate the expansion of the full Hamiltonian after the quadratic terms, leading to a quasi-particle spectrum for the excitations of the ultracold gas, influenced by a (static) contribution of the ion-gas interaction. There is also a static contribution to the particle potential which is just the interaction potential averaged over the condensate wave function. In our Taylor expansion, this is the first (static) contribution to a frequency shift of the ion dynamics,
This frequency shift can be determined analytically employing the Thomas-Fermi approximation for the condensate wave function, giving
M and neglecting terms that are smaller by a factor (1/N). The change in frequency is confining, meaning the ion is trapped more tightly. The correction is so strong that we expect the ion to stay in the condensate even after turning off the external ion trap. Remarkably, the correction is also confining for a repulsive interaction due to the quadratic dependence on V 0 .
Dynamically, the interaction of the ion with the gas will then lead to an excitation of these quasi-particles and thus to a damping of its oscillatory motion: the ion will be further cooled. By performing the linearization, we arrive at a nondiagonal quadratic Hamilton operator. Purely linear terms in δ Ψ vanish by minimizing the Hamiltonian with respect to the condensate wave function Ψ 0 whose resulting GPE contains a static contribution from the ion-gas interaction. Using a Bogoliubov transformation [32] we arrive at a standard Hamilton operator for a quantum harmonic oscillator, coupled to a bosonic bath. This is sometimes referred to as a quantum Brownian motion model [33? , 34] :
Here, Ω is the shifted frequency, {hω λ } is the Bogoliubov spectrum and g λ are coupling vectors determined from the interaction potential V ( r, R), the condensate wave function Ψ 0 ( r), and the solutions of the Bogoliubov-de Gennes equation.
Bath correlation f unction-The linear model (3) has been studied in detail. The influence of the environment onto the central oscillator can be fully captured by the bath correlation function α (t − s), which is a force-force correlation function entirely determined by the ω λ and g λ . For our three dimensional oscillator, the bath correlation function is a tensor, reading (at zero temperature considered here),
According to the derivation of (3) ω λ and g λ can be calculated from the Bogoliubov-de Gennes equation. Alternatively, and this turned out to be a much more direct route, we are able to construct the imaginary part of α (t − s) from an autocorrelation function (set s = 0) of (a vector of) wave functions δ Ψ( r,t):
Here, the initial condition for the fluctuation δ Ψ 0 (0) needs to be chosen as
with ε a small parameter to ensure the dynamics to stay in the linearized regime. The time evolution of δ Ψ 0 (t) can be obtained using the GPE for Ψ (t) and subtracting the ground state Ψ 0 . It is important to note, that this does not correspond to a mean field approximation, it merely is a practical mean to circumvent an explicit solution of the Bogoliubov-de Gennes equation. Additionally it must not be forgotten, that the time evolution of δ Ψ (t), does not correspond to the real dynamics of the ion, it just shows the propagation of a perturbation, leading to the correlation dynamics 2Imα (t).
We consider a three dimensional system consisting of a BEC and a single ion. As parameters for our calculation we use a spherically trapped BEC (frequency ω BEC , that will be used as the fundamental scale for all quantities). We choose an interaction energy scale V 0 =hω BEC . The positively charged ion is placed in the center.
Due to the spherical symmetry, the tensor bath correlation function becomes a scalar α(t − s) times the (3x3)-identity matrix. We calculate the ground state Ψ 0 for the system using imaginary time propagation [35] . Afterwards Ψ (t) = Ψ 0 + δ Ψ (t) is computed by solving the GPE using the SplitOperator method and the initial condition (6), with ε = 0.005. It can be seen in the simulations that the initial perturbation (6) decays into the BEC via spherical sound waves. Propagating further in time we observe a return of energy due to reflection at the border of the BEC, as illustrated in Figure  1 showing 2Imα (t) for two different particle numbers. It is interesting to note that the return time T ret is independent of the particle number, as well as particle species or other parameters, only the trapping frequency of the BEC enters, as it The imaginary part of α (t) was calculates for two different particle numbers in the BEC using (5). The initial energy decay as well as the energy return can be seen in the correlation dynamics.
was already observed in [31] . A simple estimate of the return time is based on a sound wave traveling through a spherically symmetric BEC in Thomas-Fermi approximation:
The integral is easily calculated giving T ret ≈ √ 2 π w BEC , indeed, independent of the particle number. This means that the time of returning energy can be controlled by opening or closing the BEC trap. The effect, to which we refer to as coherent heating, shall be discussed in the last part of the article.
Open system dynamics-The dynamics of the ion can be described using the well known master equation for a quantum brownian particle in a harmonic oscillator potential withĤ S from equ. (3), which can be derived using different approaches [33? , 34] , it can be written as
Here, A (t) , B (t) ,C (t) , D (t) are known complicated functions depending on the bath correlation function α (t − s). They assume constant values once the bath correlation function has decayed to zero. The term involving A amounts to an additional (Lamb) frequency shift that we can neglect compared to the earlier static shift from (2) in the parameter regime presented here. The other terms describe damping (B) and quantum diffusion (C and D). Instead of solving for the full density operator of the ion, in the following we will simply determine its position expectation value Q =< R >= tr Rρ t , whose equation of motion we can also obtain directly from equ. (3) .
By introducing the damping kernel Γ(t − s) through 2 Mh Imα (t − s) = − ∂ ∂s Γ (t − s) and partial integration, we get the evolution equation for a damped harmonic oscillator with memory¨
where we assume initial conditions Q(0) = 0,˙ Q(0) = (1, 0, 0). The solution for Q (t) can be computed using a Laplace transform of equation (9) small damping for low and high frequencies (3, 50) and a more significant decay for an intermediate frequency Ω/ω BEC = 15. Remarkably, the return of the bath correlation for times ω BEC t ≈ π, as visible in Fig. (1) , has a major impact on the ion dynamics: memory effects (non-Markovian dynamics) due to the finite size of the BEC become clearly important. With a surprisingly sensitive dependence on the oscillator frequency Ω, we can see heating (for Ω = 15ω BEC ) or additional cooling (for Ω = 14ω BEC ). This phenomenon will be explained in more detail later. For now, let us concentrate on determining the initial damping rate. That initial dynamics would also be seen in an infinite environment, when the returns of the bath correlation function are neglected (i.e. we set α(t) = 0 for ω BEC t ≥ 1 in Fig. (1) ).
The cooling (for small damping) is most easily determined from the Laplace transform of Γ(t) (neglecting the returns) whose half real part determines the damping rate γ(Ω) = π Mh+
J(Ω)
Ω of the oscillator with frequency Ω (Fermi's golden rule). This γ(Ω) is displayed in Fig. (3) . In full agreement with the numerical solution of Q(t) from equ. (9) (black dots), (9) as shown in Fig. (2) . The dashed lines, indistinguishable from the numerical result, show an analytical expression based on a homogeneous gas, as described by (10) .
γ(Ω) of the ion more thoroughly, we discuss the structure of the spectral density J (ω) by calculating it for a homogeneous BEC, representing an infinite environment for the ion. In this case the solutions of the Bogoliubov-de Gennes equations are known [37] . By using the corresponding plain wave expansion for δ Ψ (t) it is possible to compute a closed expression for γ(Ω):
C summarizes all prefactors as C = µ(12MNgπ 2 ) −1 . Moreover,Ṽ (k) is the Fourier transform of the (isotropic) interaction potential V (r). This approximate γ(Ω) from (10) is shown in Figure 3 as dashed lines. For this set of parameters the solutions coincide exceptionally well with the numerically obtained graph.
Result (10) explains how the decay of the damping rate for high frequencies is directly determined from the large kdependence ofṼ (k) and is thus a specific property of the ion-gas interaction. By contrast, the low-frequency behavior Ω → 0 is independent of the details of the interaction. For hΩ ≪ µ, we have k(Ω) ∼ Ω and therefore γ(Ω) ∼ Ω 4 . Therefore, damping in the low frequency limit is strongly (and universally) suppressed.
This behavior shall be interpreted in terms of superfluidity of the BEC for the motion of a quantum particle, introducing a Quantum Landau Criterion. In the classical Landau Criterion a critical velocity v crit is introduced, above which friction sets in [38] . While in a BEC a superfluid phase was found [39] , the transition is not as sharp as in the classical argument, as previous works also discussed e.g. [40] [41] [42] . The classical argument cannot be translated to a quantum system with a finite size wave function which has a distribution of velocities.
We can only expect frictionless dynamics for a velocity distribution smaller than the critical velocity ∆v < c crit = 
the condition for strongly suppressed damping. While this argument is only qualitative, the Ω 4 dependence of the damping rate for precisely these frequencies Ω < µ supports the quantum Landau criterion (11). Moreover, it provides an explanation for the missing sharp transition in contrast to the classical criterion, due Heisenberg uncertainty. A similar conclusion was also found for a constant motion in a homogeneous gas [43] .
Coherent heating-After understanding the initial cooling dynamics, we now focus on the returning energy. Intuitively the process corresponds to a reheating of the ion, but in the following section we want to show that this process is more complex. First of all it is important to note that not just the concept of a damping rate breaks down, it turns out it is more appropriate to stay in the time domain without referring to the spectral density J (Ω). We look at a simplified model for the correlation function α (t − s) for 0 ≤ t ≤ 2T ret :
mimicking the true α (t − s) from Figure (1) . The initial decay is described by γ 1 and the strength of the return by γ 2 , two fitting parameters. The solution to this equation can be found by changing into interaction picture and approximating the system for large frequencies [44] and generic initial conditions. In this manner the oscillations are averaged out, but still simulating the exponential energy loss. The solution to the problem can then be found as: Figure 2 , where γ 1 is chosen as γ (Ω) and γ 2 was fitted. The solution shows the principal behavior of the ion including the coherent heating. The heating or cooling effect can be explained by the prefactor Q 0 cos (ωT ret ) − V 0 ω sin (ωT ret ) appearing in solution (13) . If it is negative it results in heating and vice versa. Coherent heating can be observed for the whole spectrum, albeit the effect is too small to be significant for the low and very high frequency regime. Remarkably a small change in parameters can lead to a more dramatic effect. Also the damping strength can increase by orders of magnitude rapidly, making the numerical calculations more challenging. Besides, by tuning the physical parameters one could achieve striking cooling rates with high frequency changes.
Conclusion-In this article we studied the joined dynamics of a BEC with a single ion. For describing the dynamics we used the bath correlation function and spectral density for solving the equations of motion.We found that the exact correlation function is most easily determined in the time domain. Initially the ion is cooled by the BEC with a damping rate, depending on its trapping frequency ω. The bare trapping frequency is increased by the interaction with the gas. We identified a superfluid regime for small frequencieshΩ µ with a superohmic suppression ∼ Ω 4 of the damping rate. For high ω the interaction potential determines the decay of the cooling rate. After T ret the energy returns leading to coherent heating, which, counterintuitively, may result in additionally cooling depending on the fine tuning of the frequency. We thank the DFG (Grand No. STR 418/4 − 1) and the IM-PRS Dresden for financial support.
